This paper deals with peristaltic flow of a Johnson-Segalman fluid in an asymmetric channel under long-wavelength and lowReynolds number considerations. The channel asymmetry is caused due to the peristaltic wave train on the walls having different amplitudes and phase. A series solution for small Weissenberg number is obtained for the stream function, axial velocity, axial pressure gradient and pressure drop over a wavelength. The effects of various emerging parameters on the flow characteristics are shown and discussed with the help of graphs.
Introduction
Peristalsis is defined as a wave of relaxation contraction imparted to the walls of a flexible conduit effecting the pumping of enclosed material. Intense research on peristalsis has been attempted and is still demanded due to its practical applications especially in physiology. Examples include urine transport from kidney to bladder through the ureter, chyme movement inside the gastro-intestinal tract, transport of spermatozoa in the ductus efferentes of the male reproductive tracts, in the cervical canal, movement of ovum in the female fallopian tube, transport of lymph in the lymphatic vessels, vasomotion of small blood vessels such as arterioles, venules and capillaries and so on.
During the last 40 years researchers have extensively focused on the peristaltic flow of Newtonian fluids (see for example [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and several references therein). Especially, peristaltic pumping occurs in many practical applications involving biomechanical systems such as roller and finger pumps. In particular, the peristaltic pumping of corrosive fluids and slurries could be useful as it is desirable to prevent their contact with mechanical parts of the pump. In these investigations, solutions for peristaltic flow with various considerations of the nature of the fluid, the geometry of the channel and the propagating waves were obtained for various degree of approximation. Much attention has been confined to symmetric channels or tubes, but there exist also flow situations where the channel flow may not be symmetric. Mishra and Rao [14] studied the peristaltic flow of a Newtonian fluid in an asymmetric channel in a recent research. In another attempt, Rao and Mishra [15] discussed the non-linear and curvature effects on peristaltic flow of a Newtonian fluid in an asymmetric channel when the ratio of channel width to the wavelength is small. Very recently, Haroun [16] extended the analysis of reference [14] for a third order fluid. An example for a peristaltic type motion is the intra-uterine fluid flow due to myometrial contraction, where the myometrial contractions may occur in both symmetric and asymmetric directions. An interesting study was made by Eytan and Elad [17] whose results have been used to analyze the fluid flow pattern in a non-pregnant uterus. In another paper, Eytan et al. [18] discussed the characterization of non-pregnant women uterine contractions as they are composed of variable amplitudes and a range of different wavelengths.
Although most prior studies of peristaltic motion have focused on Newtonian fluids, there are also studies involving non-Newtonian fluids [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , i.e. fluids in which the relation between shear stress and shear rate is not linear. As a result the viscosity of a non-Newtonian fluid is not constant at a given temperature and pressure, but depends on the rate of shear or on the previous kinematic history of the fluid [30] . In this way, a single constitutive relation is not able to describe and predict all non-Newtonian behavior that can occur. One of the models developed to predict nonNewtonian effects is the Johnson-Segalman fluid model. This was used by Hayat et al. [25] for peristaltic mechanisms and was extended by Elshahed and Haroun [31] to magnetohydrodynamic fluids. The Johnson-Segalman model is a viscoelastic fluid model which is developed to allow for non-affine deformations [32] . Various investigators [33] [34] [35] have employed this model to explain the "spurt" phenomenon. The term "spurt" is used to describe the large increase in the volume throughput for a small increase in the driving pressure gradient [36, 37] at a critical value of the pressure gradient that is observed in the flow of many non-linear fluids. Some experiments [38] [39] [40] [41] [42] [43] relevant to this issue have also been carried out. Experimentalists usually associate "spurt" with slip at the wall. Rao and Rajagopal [44] also studied three distinct flows of a Johnson-Segalman fluid. Unlike most other fluid models, the Johnson-Segalman (JS) fluid allows for a non-monotonic relationship between the shear stress and the rate of share in a shear flow for certain values of the material parameter. While the JS model offers a very interesting means for explaining "spurt", it seems more likely that the phenomenon is because of the "stick-slip" that takes place at the boundary [45] . This fluid model has the capacity to describe "shear layers" [46] , wherein the mechanism of "stick-slip" in the interior of the domain may not be natural.
Until now no attempt was made to model peristaltic motion of Johnson-Segalman fluid in an asymmetric channel. This paper presents a first study in this field. We introduce the model by deducing the governing equations and reporting the boundary conditions in Section 2. Section 3 derives the perturbation solution for small Weissenberg number. Numerical results, discussion and comparison are given in Section 4. Finally concluding remarks are included in Section 5.
The mathematical model

Governing equations
Consider an incompressible, Johnson-Segalman fluid confined in a two-dimensional infinite asymmetric channel [14] [15] [16] of width d 1 + d 2 (see Fig. 1 ). We employ a rectangular coordinate system withX parallel to and Y normal to the channel walls. Moreover, we consider an infinite wave train travelling with velocity c along the channel walls. The asymmetry in the channel is induced by assuming the peristaltic wave train on the walls to have different amplitudes and phases. The resulting asymmetric channel walls are defined as [14] [15] [16] 
Here a 1 and a 2 are the amplitudes of the waves, λ is the wavelength and φ [0, π] is the phase difference. Note that φ = 0 corresponds to an asymmetric channel with waves out of phase and φ = π describes the case where waves are in phase. Moreover a 1 , a 2 , d 1 , d 2 and φ satisfy the following inequality [14] [15] [16] The equations governing the flow of an incompressible fluid are
whereV is the velocity,f is the body force per unit mass, ρ is the fluid density, d/dt is the material derivative andσ is the Cauchy stress tensor given by [32] 
and bars indicate the quantities in the dimensional coordinates. The equations above include the scalar pressure p, the identity tensorĪ, the dynamic viscosities µ and η, the relaxation time m, the slip parameter e and the respective symmetric and skew symmetric part of the velocity gradient,D andW. Note, that model (5) reduces to the Maxwell fluid model for e = 1 and µ = 0, and for m = 0 = µ we receive the classical Navier-Stokes fluid model.
The velocity for unsteady two-dimensional flows is defined as
From Eqs. (4)- (9) we obtain, when body forces are absent,
2η
In the fixed frame X ,Ȳ the motion is unsteady, while it becomes steady in the wave frame (x,ȳ) given bȳ
when moving away in direction of the wave from the fixed frame X ,Ȳ with speed c. Hereū,v andŪ ,V are the velocity components in the wave frame and in the fixed frame, respectively. We put Eq. (16) into Eqs. (10)- (15) and following Ref.
[16]
we have
Writing Eqs. (18)- (23) in terms of the stream function Ψ (x, y) defined by
we get
where δ is wave number, Re is the Reynolds number and Wi is the Weissenberg number. The continuity equation is identically satisfied.
Rate of volume flow and boundary conditions
The dimensional rate of fluid flow in the fixed frame (X ,Ȳ ) is
In the wave frame (x,ȳ) Eq. (30) reduces to
By Eq. (16), the above rates are related in the following expression
Applying the averaged flow
over a period T at a fixed positionX , we receivē
With the definition of the dimensionless time averaged flows
in the fixed and moving frames, respectively, we can write Eq. (34) as
where
and the dimensionless surface of the peristaltic walls are 
holds. The dimensionless boundary conditions in the wave frame are [15] [16] [17] 
Here it is pointed out that the conditions on Ψ satisfy Eq. (37) and the conditions on ∂Ψ /∂ y are no-slip.
Model equations
We note that the Eqs. (25)- (29) are highly non-linear differential equations. Analytic solutions valid for all arbitrary parameters appearing in these equations seem to be impossible to find. Even in the case of Newtonian fluids [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , all existing solutions are based on assumptions that one or some of the parameters are zero or small. Most of the studies in the literature use asymptotic expansion with small Reynolds number, wave number, amplitude ratio as the perturbation parameters. Some existing attempts have been discussed by using long wavelength approximation [3, 4, [9] [10] [11] [12] [13] . Therefore employing the long wavelength approximation here, it follows from Eqs. (25)- (29) that the appropriate equations describing the flow are of the form
η µ
We note that similar to various previous attempts [3, 4, [9] [10] [11] [12] [13] , the term having Reynolds number disappears under long wavelength approximation. Also under this approximation, Eq. (43) indicates that p = p (y). Elimination of p from Eqs. (42) and (43) yields
Substituting Eqs. (44) and (46) into Eq. (45) we have Upon making use of Eq. (48) in Eq. (42) and (47) we can write
Perturbed systems and perturbation solutions
After using binomial expansion for small Wi 2 , Eqs. (49) and (50) may be simplified to 
In order to solve the present problem, we expand the flow quantities in a power series of Wi 2 as follows
Substituting Eq. (54) into Eqs. (51) and (52) and boundary conditions (40) and (41) and then equating the like powers of Wi 2 we get: 
Perturbed systems
3.1.1. Zeroth-order system
System of order Wi
2 ∂ 4 Ψ 1 ∂ y 4 = −α 1 ∂ 2 ∂ y 2 ∂ 2 Ψ 0 ∂ y 2 3 , ∂ p 1 ∂ x = ∂ 3 Ψ 1 ∂ y 3 + α 1 ∂ ∂ y ∂ 2 Ψ 0 ∂ y 2 3 ,(57)∂ p 1 ∂ y = 0, Ψ 1 = F 1 2 , ∂Ψ 1 ∂ y = 0 on y = h 1 (x) ,Ψ 1 = − F 1 2 , ∂Ψ 1 ∂ y = 0 on y = h 2 (x) .(58)
4 ∂ 4 Ψ 2 ∂ y 4 = −3α 1 ∂ 2 ∂ y 2 ∂ 2 Ψ 0 ∂ y 2 2 ∂ 2 Ψ 1 ∂ y 2 − α 2 ∂ 2 ∂ y 2 ∂ 2 Ψ 0 ∂ y 2 5 , ∂ p 2 ∂ x = ∂ 3 Ψ 2 ∂ y 3 + 3α 1 ∂ ∂ y ∂ 2 Ψ 0 ∂ y 2 2 ∂ 2 Ψ 1 ∂ y 2 + α 2 ∂ ∂ y ∂ 2 Ψ 0 ∂ y 2 5 ,(59)∂ p 2 ∂ y = 0, Ψ 2 = F 2 2 , ∂Ψ 2 ∂ y = 0 on y = h 1 (x) ,Ψ 2 = − F 2 2 , ∂Ψ 2 ∂ y = 0 on y = h 2 (x) .(60)
Perturbation solutions 3.2.1. Zeroth-order solution
We point out that the problem at this order is the same as for Newtonian fluids. Thus solution expressions at this order are similar to [14] [15] [16] and are given by
Furthermore, the non-dimensionless pressure rise per wavelength, which has already be given in [14] [15] [16] , is
First-order solution
Substituting the zeroth-order solution (61) into Eq. (57) and then solving the resulting system with the corresponding boundary conditions, we get
The non-dimensional pressure slope per wavelength at this order is
with
and for n > 4,
Second-order solution
By inserting the zeroth-order and first-order solutions into Eq. (59) and then solving the resulting problems, we obtain 
where the functions K i, i = 1, . . . , 41 are
200 ,
120 ,
48 ,
The non-dimensionless pressure rise per wavelength is defined as 
Summing up the perturbation results, we find that the pressure rise per wavelength up to o(Wi 4 ) is 
Defining
we get the equations
and substituting the expressions above into Eq. (73) while retaining only terms up to order Wi 4 , we obtain (2) 4
The above expression can easily be written in terms of θ (2) through Eq. (36).
Results and discussions
Pumping characteristics
We plot the expression for ∆P (2) in Eq. (68) against θ (2) for various values of parameters of interest in Figs. 2-6. In Fig. 2(a) the effects of Weissenberg number on ∆P (2) are seen. The solid line curve is for Newtonian fluid. Observe that the pumping curves for the Johnson-Segalman fluid lies above the Newtonian fluid in the pumping region (∆P (2) > 0). For free pumping (∆P (2) = 0) there is no difference in the Newtonian and Johnson-Segalman fluid. While in the copumping (∆P (2) < 0), the pumping decreases with an increase in Weissenberg number. Fig. 2(b) is plotted for the same values of the parameters chosen in Fig. 2(a) but for different values of Weissenberg number. Similar observations are gathered from Fig. 2(b) except that the pumping curves become nonlinear for large values of Weissenberg number. Fig. 3 shows the effects of channel width d on ∆P (2) . In this case the pumping decreases with increasing d both in pumping region (∆P (2) > 0) and free pumping (∆P (2) = 0) and behaves oppositely in the copumping region. Fig. 4 illustrate the effects of phase difference φ on ∆P (2) . Observe that an increase in φ causes a decrease in pumping in the pumping region (∆P (2) > 0) and free pumping. It is also noted from Fig. 4 that in copumping (for an appropriately chosen ∆P (2) < 0) θ (2) increases with an increase in φ. The observations regarding the effects of upper and lower wave amplitudes a and b, respectively on ∆P (2) are quite opposite to those in the case of φ (Figs. 5 and 6 ). Fig. 7 depicts the effects of varying θ (2) on ∆P (2) with d. On the one hand for small values of d there is a noticeable change in the behavior of ∆P (2) i.e. with an increase in θ (2) , ∆P (2) decreases. On the other hand the effects become negligible when large values of d are taken into account. Fig. 8 elucidates the effects of Weissenberg number on ∆P
(max) (pressure rise required to produce zero flow rate) with channel width d. We can see that ∆P (2) (max) increases with an increase in Wi for small values of d and the curves coincide (i.e. ∆P (2) (max) for Newtonian and Johnson-Segalman fluid become equal in magnitude) for large d. In order to obtain the effects of a, b and φ on ∆P (2) (max) we sketched Figs. 9 and 10. We see that the ∆P (2) (max) increases with an increase of a and b while it decreases with an increase of φ. Table 1 shows the variation of ∆P (2) with flow rate θ (2) for different values of slip parameter e. It is noted that an increase in e causes a decrease in ∆P (2) .
Trapping
Another interesting phenomenon in peristaltic motion is trapping. In the wave frame, streamlines under certain conditions split to trap a bolus which moves as a whole with the speed of the wave. The effects of Weissenberg number Wi on trapping can be seen through Fig. 11 for a symmetric channel. Furthermore, Fig. 11 shows that the bolus is symmetric about the centre line and its size decreases with an increase in Wi. Similar effects on the size of bolus are observed for asymmetric channels, while differences in bolus motion occur: the bolus move towards the left side of the channel (Fig. 12) . Fig. 13 is made in order to see the effects of φ on trapping. Observe that for φ = 0 the bolus is symmetric about the centre line while it move towards the left and decreases in size for φ = π/4 and vanishes for φ = π/2. In Fig. 14 the effect of varying the upper wave amplitude a on trapping is seen. Note that for a = 0 (when there is no wave on the upper wall) a trapped bolus does not exists. The trapping occurs when a = 0.2 and bolus size increases with an increase in a. The effects of lower wave amplitude on trapping can be seen through Fig. 15 . Similar to the previous case for b = 0 (when there is no wave on the lower wall), a trapped bolus does not exist, the trapping occurs for b = 0.4 and bolus size increases with an increase in b. Fig. 16 depicts the effects of channel width, d, on trapping. The trapped bolus exists for small values of d, its size decreases and it disappears with taking into account large values of d.
Concluding remarks
In this paper we succeeded in presenting a mathematical model to study the peristaltic transport of a non-Newtonian fluid inside an asymmetric channel. A regular perturbation method is employed to obtain the expression for the stream function, axial velocity, axial pressure gradient and pressure rise over a wavelength. The interaction of the rheological parameters of the fluid with peristaltic flow is discussed. The main results can be summarized as follows:
• The pressure rise over a wavelength ∆P (2) increases with an increase in Weissenberg number Wi in the pumping region, while the situation is reversed in the copumping region (Fig. 2 ).
• The pressure rise over a wavelength ∆P (2) decreases with an increase in φ in the pumping region, while in the copumping region (for an appropriately chosen ∆P (2) < 0) θ (2) increases with an increase in φ (Fig. 4) . Table 1 Variation of ∆P (2) with θ (2) for different values of slip parameter e e θ (2) = 0 θ (2) = 0.2 θ (2) = 0.4 θ (2) = 0.6 θ (2) = 0.8 θ (2) = 1 
